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We prove that the z = 1 and z = 3 Lifshitz black hole solutions of New Massive Gravity in three
dimensions are the only static axisymmetric solutions that can be cast in a Kerr-Schild form with
a seed metric given by the Lifshitz spacetime. Correspondingly, we study the issue of uniqueness
of Lifshitz solitons when considering an ansatz involving a single metric function. We show this
problem can be mapped to the previous one and that the z = 1 and z = 1/3 Lifshitz soliton
solutions are the only ones within this class. Finally, our approach suggests for the first time an
explanation as to what is special about those particular values of the dynamical critical exponent z
at finite temperature.
I. INTRODUCTION
In the last five years, there has been an intense ac-
tivity in order to export the ideas of the anti-de Sit-
ter/Conformal Field Theory (AdS/CFT) correspondence
[1] to non-relativistic physics. This is motivated by the
fact that some models that describe this kind of phenom-
ena enjoy the non-relativistic version of the conformal
symmetries: the so-called Schro¨dinger group [2, 3]. In
the spirit of the AdS/CFT correspondence, the gravity
dual metric has been identified as the spacetime whose
isometry group coincides with the Schro¨dinger group, see
Refs. [4] and [5]. Of particular importance is also the
construction of Kachru et al. [6] which proposed a new
gravitational background dual to scale invariant Lifshitz
fixed points without Galilean boost invariance. In this
case the gravity backgrounds are commonly called Lif-
shitz spacetimes, and its simplest realization occurs in
three dimensions as follows:
ds2L = −
r2z
l2z
dt2 +
l2
r2
dr2 +
r2
l2
dx2. (1)
These spacetimes admit as their main feature an
anisotropic scaling symmetry
t 7→ λzt, x 7→ λx, r 7→ λ−1r, (2)
with dynamical critical exponent z > 0 (the isotropic
case z = 1 corresponds to AdS) as part of their isom-
etry group. Black hole solutions whose asymptotic be-
haviors reproduce the Lifshitz metric are of particular
importance for a finite-temperature holographic descrip-
tion of non-relativistic systems and are commonly known
as Lifshitz black holes. However, in contrast with the
AdS case, Lifshitz spacetimes are not solutions of general
relativity and require the introduction of matter sources
or to consider square-curvature corrections to standard
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gravity [7–10]. The simplest example of these theories is
the so-called new massive gravity (NMG) [11] in three di-
mensions, which has been intensively studied in the last
five years. This theory presents the advantage of being at
the linearized level equivalent to the unitary Fierz-Pauli
theory for free massive spin-2 gravitons. Up to now, there
are only two known static black hole solutions of this the-
ory both characterized asymptotically by a specific dy-
namical exponent z. The first one occurs for z = 1 and it
is nothing but an asymptotically AdS black hole solution
derived in [12, 13] while the second one corresponds to
a proper Lifshitz black hole solution with a dynamical
exponent z = 3 and found in [8]. These black holes have
Lifshitz soliton counterparts obtained in [13], [14] by op-
erating a double Wick rotation in the Killing (t, x)-plane
which are characterized by dynamical exponents z = 1
and z = 1/3, respectively. As shown in [14], this is due to
the fact that the two-dimensional Lifshitz algebras with
dynamical exponents z and z−1 are isomorphic.
Unlike in General Relativity [15], it is extremely diffi-
cult to establish uniqueness results in higher-order grav-
ity theories, which are by default plagued of instabilities.
The unitarity of NMG opens a window of opportunity,
however, since there exist at least two different static
black hole solutions, such uniqueness theorem cannot be
established. Therefore, it is important to understand
what is the spectrum of black hole configurations admit-
ted by this theory. A reasonable starting point is the fact
that most of the black hole solutions that we know can
be expressed as a Kerr-Schild transformation from the
spacetime to which they approach asymptotically.1 It is
well-known that the original Kerr-Schild ansatz [17], as
well as its generalizations, is a powerful tool for search-
ing stationary black hole solutions of Einstein equations
both in vacuum and in presence of matter sources, see
e.g. [18] and more recently [19] for higher dimensions.
Just for completeness, we also mention the existence of
examples for which the Kerr-Schild ansatz may be effi-
cient even with a seed metric that does not solve the field
1 One of the few exceptions is the five-dimensional black ring [16].
2equations, see e.g. [20], [21]. The advantage of the Kerr-
Schild ansatz usually lies in the fact that it linearizes a
certain combination of curvature components and since
standard gravity is linear in curvature, the Kerr-Schild
ansatz consequently linearizes Einstein equations. This
is no longer the case for higher-curvature theories. How-
ever, part of the dynamics is still linearized for theories
with squared-curvature corrections as NMG. This prop-
erty will be useful in order to achieve the main purpose
of this work: to understand what are the asymptoti-
cally Lifshitz static, axisymmetric black holes admitted
by NMG that can be written as a Kerr-Schild transfor-
mation from the Lifshitz spacetime (1). In fact, we will
show that the dynamics of NMG restricts those config-
urations via two constraints: a linear one, due to the
Kerr-Schild ansatz, and a non-linear one capturing the
natural higher-curvature character of the theory. After
a thorough analysis, we conclude that the struggle be-
tween both behaviors is only consistently balanced for
the values z = 1 and z = 3 of the critical exponent, yield-
ing to the previously mentioned black hole solutions. In
other words, the solution space is a constrained system
within a linear space and many of the linear directions
end up being inconsistent with the nonlinear constraint.
Additionally, these precise exponents play a special role
since they are the only ones for which the characteris-
tic polynomial determining the linear directions presents
multiplicities, i.e. they are the boundaries between dif-
ferent behaviors of the linear spaces. Even if this is only
a partial uniqueness statement, it is actually one of the
very few uniqueness results found in high-order gravity
theories. A similar analysis is carried out for the Lifshitz
soliton solutions of NMG, which cannot be cast in Kerr-
Schild form but likewise allow a representation in terms
of a metric ansatz involving a single function. Remark-
ably, the soliton field equations can be mapped to the
black hole ones. This allows us to find that the only soli-
ton solutions within this class are those obtained from
the now unique black hole solutions operating a double
Wick rotation, and yielding to the Lifshitz solitons with
dynamical exponents z = 1 and z = 1/3.
Let us now present the different ingredients in order
for the paper to be self-consistent. The action of new
massive gravity is given by
S[gµν ] =
1
2κ
∫
d3x
√−g
(
R− 2λ− 1
m2
K
)
, (3)
where R, Rµν and λ stand respectively for the Ricci
scalar, the Ricci tensor and the cosmological constant,
while the unitary correction is defined as K = RµνR
µν −
(3/8)R2. The associated field equations read
Eµν ≡ Rµν − 1
2
Rgµν + λgµν − 1
2m2
Kµν = 0, (4a)
where the higher-order contribution
Kµν = 2Rµν − 1
2
(gµνR+∇µ∇νR)− 8RµαRαν
+
9
2
RRµν + gµν
(
−13
8
R2 + 3RαβRαβ
)
, (4b)
has second order trace gµνKµν = K.
As was originally shown in Ref. [8], the field equations
of NMG (4) allow Lifshitz spacetimes (1) as solutions for
a generic value of the dynamical exponent z, by means
of the following suitable parameterizations of the cosmo-
logical constant and the mass
λ = −z
2 + z + 1
2l2
, (5a)
m2 = −z
2 − 3z + 1
2l2
, (5b)
where the values of z giving a vanishing value of the mass
are forbidden. These parameterizations are valid in gen-
eral except for the AdS case z = 1, for which only the
following constraint is satisfied
λ = − 1
l2
(
1 +
1
4l2m2
)
. (6)
The different static black hole and soliton solutions will
be presented at the beginning of each Section before prov-
ing their uniqueness in the following subsections. Con-
clusions and comments on possible applications to other
contexts of the arguments introduced in this work are
provided at the end.
II. KERR-SCHILD ANSATZ FOR LIFSHITZ
BLACK HOLES OF NEW MASSIVE GRAVITY
The first static black hole solution found for NMG was
the z = 1 AdS black hole, independently obtained by
Bergshoeff et al. [12] and Oliva et al. [13]. The line
element is given by
ds2 = −r
2
l2
(
1− µ l
2
r2
− b l
r
)
dt2
+
l2
r2
(
1− µ l
2
r2
− b l
r
)−1
dr2 +
r2
l2
dx2, (7a)
and the solution occurs for
λ = m2 = − 1
2l2
. (7b)
The extra constant b represents a gravitational “hair”
encoding the higher-order contribution. Note that for b =
0, the solution becomes the Ban˜ados-Teitelboim-Zanelli
(BTZ) black hole [22] which in general obeys the weaker
constraint (6).
The other static black hole solution known for NMG
is the z = 3 Lifshitz black hole found in [8], and its line
3element reads
ds2 = −r
6
l6
(
1−M l
2
r2
)
dt2
+
l2
r2
(
1−M l
2
r2
)−1
dr2 +
r2
l2
dx2, (8a)
with coupling constants given by
λ
13
= m2 = − 1
2l2
. (8b)
In both cases the identification x = x+2pil is understood.
As will be appreciated below, both black holes allow a
Kerr-Schild representation. In its most general form, a
Kerr-Schild transformation permits the construction of a
spacetime that asymptotes a starting one using a scalar
function and a null geodesic vector field of the original
metric. In our problem, the relevant Kerr-Schild ansatz
for a stationary axisymmetric spacetime is the following
ds2 = ds2L + H¯(r)k ⊗ k, (9)
where ds2L corresponds to the asymptotic spacetime,
namely the Lifshitz metric (1). It is straightforward to
show that the two more general families of null geodesics
compatible with the translation symmetries of the Lif-
shitz spacetime (1), i.e. being stationary and axisymmet-
ric are given by
k±(a) = dt− adx± l
2
r2
(
l2(z−1)
r2(z−1)
− a2
)1/2
dr. (10)
However, if we were to preserve the contribution along
the x direction, we would lose the asymptotically Lifshitz
behavior in the Kerr-Schild transformation (9), except
for z = 1. This is the reason why we keep our analysis
within the static setup fixing the angular momentum a
to zero and choose as null geodesic vector k = k+(0).
We found convenient to redefine the scalar function as
H¯(r) = (r2z/l2z)H(r). Moreover, in order to get a man-
ifestly static form of the transformed metric we have to
perform a Boyer-Lindquist like time redefinition
t 7→ t+
∫
lz+1
rz+1
H(r)dr
1−H(r) , (11)
allowing the transformed metric to become
ds2 = −r
2z
l2z
(1−H)dt2 + l
2
r2
dr2
1−H +
r2
l2
dx2. (12)
This is the most general static axisymmetric spacetime
that can be cast in a Kerr-Schild form with a seed met-
ric given by the Lifshitz spacetime. Here the boundary
condition warranting the Lifshitz asymptotic is simply
H(∞) = 0. Notice that both black holes (7) and (8)
are exactly represented in the above way for convenient
elections of the function H for each exponent.
Starting with the ansatz (12), the field equations of
NMG (4) are given by the three non-trivial diagonal
equations E tt = 0, E
r
r = 0 and E
x
x = 0. However,
these three equations in spite of being linearly indepen-
dent, are not differentially independent, since we have
the Bianchi-like relation
(E rr )
′ =
1
2
[
ln
(
r2z
l2z
(1−H)
)]′
(E tt − E rr )
+
E xx − E rr
r
. (13)
As a consequence, it is sufficient to consider linear com-
binations of the equations E tt = 0 and E
r
r = 0 to work
with. In our case, we consider the following combinations
4m2l4
1−H (E
r
r − E tt ) = r4H ′′′′ + 2(z + 4)r3H ′′′ − (z2 − 17z − 8)r2H ′′ − 2(z + 2)(z2 − 5z + 2)rH ′
− 2(z − 1)(z2 − 3z + 1)H + 2(z − 1)(2l2m2 + z2 − 3z + 1) = 0, (14a)
−16m2l4E tt = 4(1−H)r4H ′′′′ − 2 [rH ′ − 2(3z + 7)(1−H)] r3H ′′′ + (r2H ′′)2
− 2 [3rH ′ − 2(z2 + 17z + 6)(1−H)] r2H ′′ + (5z2 − 14z + 5)(rH ′)2
− 4 [(3z3 − 13z2 − 8z + 5)(1−H)− 2l2m2] rH ′
+ 4(z2 − 3z + 1)(z2 + z − 1)(1−H)2 − 16l2m2(1−H + l2λ) = 0. (14b)
Particularly interesting is the linearity of the combina-
tion (14a) which results as a straightforward consequence
of the Kerr-Schild ansatz. In this case, the linearity
is determined by a fourth-order Euler differential equa-
tion. This equation presents an inhomogeneity whose
constant particular solution is incompatible with the Lif-
shitz boundary condition H(∞) = 0 unless the inho-
mogeneity vanishes, which occurs for z = 1 or for the
parametrization (5b) if z 6= 1 (in this equation it is clear
why the values of z giving a vanishing of the mass are
4forbidden). The linear space of solutions of the resulting
homogeneous equation is spanned by power-laws (l/r)α,
where the powers α satisfy the following characteristic
polynomial
α4 − 2(z + 1)α3 − (z2 − 11z + 5)α2
+ (z + 1)(2z2 − 9z + 6)α− 2(z − 1)(z2 − 3z + 1) = 0.
(15)
The roots of this fourth order polynomial are appropri-
z
α++ α+−
α
−−
α
−−
α+−
α++
α
−+ α−+
α
z = 3
b.h.
grav.
hair
BTZ
b.h.
z = 1
b.h.
FIG. 1. The space of black hole solutions of NMG is encoded
in this graph. The real roots α±± of the characteristic polyno-
mial (15) are represented as red solid lines [see their definition
in (26a)]. Notice that while most values of z correspond to
four roots of α, multiplicity arises in z = 1 and z = 3 (both
in green dashed lines) as roots α = 1 and α = 2 respectively
are degenerate. Also, in the interval 1 < z < 3 two of the
roots are actually complex conjugate and only the two real
solutions appear in the figure. The asymptotes of the charac-
teristic polynomial (15) are represented by black dotted lines.
Finally, we have highlighted with blue solid circles, the points
where black hole solutions arise and labeled them according
to the corresponding solution.
ately plotted in Fig. 1. Moreover, since we are look-
ing for solutions that are asymptotically Lifshitz, only
strictly positive values of α must be considered. A care-
ful analysis of Fig. 1 shows that four different real roots
are found in the exponent intervals z < 1 and z > 3,
while two complex conjugate solutions arise in the open
interval 1 < z < 3. Consequently, multiplicity of the
roots appears in the transitions between these intervals
at the exponents z = 1 and z = 3. Each of these cases
will be treated separately. The plan is to start studying
the linear space associated to the Euler equation (14a)
in each case. After that, we address the fulfilling of the
nonlinear constraint given by Eq. (14b), which defines a
subspace of the previously defined linear space.
We will start our exhaustive analysis of the different
mentioned cases beginning with those for which the de-
generacy occurs, i.e. the exponents z = 1 and z = 3.
A. Dynamical exponent z = 1
For a dynamical exponent z = 1, the characteristic
polynomial (15) reduces to
α(α − 1)2(α− 2) = 0. (16)
Since we are only interested in asymptotically Lifshitz
solutions the root α = 0 must be discarded. Addition-
ally, because of the presence of a double root at α = 1
we need to supplement the two power-law linearly inde-
pendent solutions with a logarithmic contribution. As a
consequence the most general solution of the linear con-
straint is given by
H(r) = µ
l2
r2
+
l
r
[
b+ b0 ln
(r
l
)]
. (17)
The substitution of (17) into the nonlinear constraint
(14b) leads to
b0
[
(2l2m2 + 1)
r
l
− b0
]r
l
ln
(r
l
)
− [4l2m2(1 + l2λ) + 1]r
3
l3
+ (2l2m2 + 1)(b0 + b)
r2
l2
− b0(4b− b0)
4
r
l
− b0µ = 0. (18)
From this equation, it becomes clear that the conditions
to be satisfied are the following:
b0 = 0, (19a)
4l2m2(1 + l2λ) + 1 = 0, (19b)
(2l2m2 + 1)b = 0. (19c)
At this point we have two possible scenarios depending
on whether the gravitational hair b vanishes or not. If
we consider b 6= 0, then the metric function H and the
cosmological constant read
H(r) = µ
l2
r2
+ b
l
r
, λ = m2 = − 1
2l2
. (20)
This solution corresponds to the z = 1 black hole (7)
found in [12, 13]. On the other hand, the case b = 0
reduces to the static BTZ black hole [22] but with the
weaker constraint (6).
We now turn to the other degenerate case for an expo-
nent z = 3.
B. Dynamical exponent z = 3
In Fig. 1 another multiplicity can be appreciated at
the exponent z = 3. In this case, the characteristic poly-
nomial (15) becomes
(α− 2 +
√
5)(α− 2−
√
5)(α− 2)2 = 0, (21)
5and thus the allowed strictly positive roots are α = 2+
√
5
and α = 2. Hence the general solution of the linear
constraint in this case is given by
H(r) =
l2
r2
[
M +M0 ln
(r
l
)]
+M1
(
l
r
)√5+2
. (22)
The substitution of the metric function (22) into the
nonlinear constraint (14b) together with the parameter-
izations (5), which impose the Lifshitz behavior of the
leading terms, leads to
4M0
[
M1
√
5(
√
5− 1)
(
l
r
)√5
− 4M0
](
l
r
)4
ln
(r
l
)
+ 2
√
5(3−
√
5)M1
2
(
l
r
)4+2√5
+
√
5(
√
5− 1)
10
[
40M +
√
5(17− 7
√
5)M0
]
M1
(
l
r
)4+√5
+ 8
√
5(
√
5− 2)M1
(
l
r
)2+√5
−M0(16M + 11M0)
(
l
r
)4
+ 56M0
(
l
r
)2
= 0. (23)
It is clear from this expression that the only possibility
is to set M0 = 0 = M1 while M can be an arbitrary
constant, yielding to the solution
H(r) =M
l2
r2
,
λ
13
= m2 = − 1
2l2
. (24)
This latter is precisely the z = 3 Lifshitz black hole (8)
found in [8].
In what follows, we prove that for dynamical exponents
z 6= 1 and z 6= 3, Lifshitz black hole solutions of NMG
within the class of the Kerr-Schild Ansatz (12) do not
exist.
C. Dynamical exponents z < 1 and z > 3
The exponent intervals z < 1 and z > 3 can be ana-
lyzed together as they share the same behavior regarding
the nature of the solutions of the characteristic polyno-
mial as evidenced by Fig. 1. Indeed, in this case, all of the
roots of the polynomial are real, and hence the solution
is given by
H(r) = C++
(
l
r
)α++
+ C+−
(
l
r
)α+−
+ C−−
(
l
r
)α
−−
, (25)
where we have defined
α±± =
z + 1±A±
2
, (26a)
A± =
√
5z2 − 16z + 13± 2√p, (26b)
p = 4z4 − 28z3 + 73z2 − 76z + 28. (26c)
The reason why we have not included the power α−+ in
(25) is because it is not positive for z < 1 nor for z > 3
(see Fig. 1); thus it does not comply with the asymptot-
ically Lifshitz requirement. The substitution of (25) and
the parameterizations (5) into the nonlinear constraint
(14b) gives an equation with the following general form[
P2(α+−, z)C 2+−
(
l
r
)2α+−
+ P2(α−−, z)C 2−−
(
l
r
)2α
−−
+ 4P1(α++, z)C++
(
l
r
)α++
+ . . .
]
/[8l2(z2 − 3z + 1)] = 0,
(27a)
where
P1(α, z) = (α − z − 1)[α3 − 2zα2 − (z2 − 6z + 4)α
+ 2z(z2 − 3z + 1)] , (27b)
P2(α, z) = (z − 2)α
[
2α2 − (z − 3)(2z − 3)]
− (4z2 − 9z + 1)α2
+ 2(z2 − 3z + 1)(2z2 − 3z + 3), (27c)
and where the dots stand for a superposition of other
powers of l/r that will not be required to establish our
conclusion. We have plotted in Fig. 2 and Fig. 3 the
z-dependent part of the coefficients in front of the pow-
ers exhibited in Eq. (27a), from which it is possible to
realize that none of them vanish for z < 1 and z > 3,
respectively. As a result, we may conclude that the only
possibility is the vanishing of the constants C++, C+−
and C−−. In other words, no linear direction is compat-
ible with the nonlinear constraint.
D. Dynamical exponents 1 < z < 3
For the remaining case 1 < z < 3, the characteristic
polynomial has two real roots α++ and α−+ and two
complex conjugate roots α+− and α−− which in turn
implies that the general solution of the Euler equation
reads
H(r) = C++
(
l
r
)α++
+ C−+
(
l
r
)α
−+
+
(
l
r
)(z+1)/2 [
C3 cos
(
Ac
2
ln
r
l
)
− C4 sin
(
Ac
2
ln
r
l
)]
, (28a)
Ac =
√
−5z2 + 16z − 13 + 2√p. (28b)
The substitution of the solution (28a) to the linear
equation in the interval 1 < z < 3 and the parameteri-
zations (5) into the non-linear constraint (14b) has the
6z
FIG. 2. The z-dependence in the interval z < 1 of the
coefficients in front of the powers exhibited in Eq. (27a).
The blue dotted line represents the coefficient in front of
C++(l/r)
α++ , the green solid line represents the coefficient
in front of C 2−−(l/r)
2α
−− and the red dashed line represents
the coefficient in front of C 2+−(l/r)
2α+− .
following form after being separated into functionally in-
dependent expressions whose coefficients must vanish in-
dependently{
4P3(α++, z)C++
(
l
r
)α++
− 4P3(α−+, z)C−+
(
l
r
)α
−+
+
[
[B1(z)C3 +B2(z)C4] sin
(
Ac
2
ln
r
l
)
− [B2(z)C3 −B1(z)C4] cos
(
Ac
2
ln
r
l
)](
l
r
)(z+1)/2
+ . . .
}
/[8l2(z2 − 3z + 1)] = 0, (29a)
where we have posited
P3(α, z) = (z − 1)α2(α− 2z + 1)− (z3 − 4z2 + 3z − 2)α
+ 2(z2 + 1)(z2 − 3z + 1) , (29b)
B1(z) = (2α¯+− − z − 1)[2(z − 1)α¯+−(α¯+− − z − 1)
+ 5z3 − 11z2 + 3z − 1], (29c)
B2(z) = 2(z − 1)(z − 5)α¯+−(α¯+− − z − 1)
+ 5z4 − 20z3 + 18z2 − 24z + 13, (29d)
α¯+− =
z + 1 +Ac
2
. (29e)
Here, the dots stand for a superposition of other func-
tionally independent functions of r whose explicit forms
z
FIG. 3. The z-dependence in the interval z > 3 of the
coefficients in front of the powers exhibited in Eq. (27a).
The blue dotted line represents the coefficient in front of
C++(l/r)
α++ , the green solid line represents the coefficient
in front of C 2−−(l/r)
2α
−− and the red dashed line represents
the coefficient in front of C 2+−(l/r)
2α+− .
will not be required to establish our conclusion. We have
plotted in Fig. 4 the coefficients in front of C++(l/r)
α++
and C−+(l/r)α−+ , they do not vanish in the interval
1 < z < 3 and thus C++ = 0 = C−+. Now, from
Eq. (29a) we can see that the vanishing of the two co-
efficients accompanying the trigonometric functions give
rise to a homogenous linear system for C3 and C4. The
determinant of the matrix associated to the linear sys-
tem is given by B1(z)
2 + B2(z)
2 and is also represented
in Fig. 4, it can be seen that it is nonvanishing in the
interval 1 < z < 3. This means the matrix is invert-
ible and the linear system has only the trivial solution
C3 = 0 = C4.
As a result, from our analysis we can state that the only
static and axisymmetric asymptotically Lifshitz black
hole solutions of NMG within the Kerr-Schild ansatz (12)
are those previously known with dynamical exponents
z = 1 and z = 3.
III. CORRESPONDING LIFSHITZ SOLITONS
OF NEW MASSIVE GRAVITY
It is well-known that starting from a static black hole
solution in three dimensions and operating a double Wick
rotation, one can generate a solution describing a gravi-
tational soliton. As shown in [14] in the context of Lif-
shitz background, a black hole with dynamical exponent
z is mapped into a soliton with dynamical exponent z−1.
This is due to the fact that the two-dimensional Lifshitz
algebras with dynamical exponents z and z−1 are iso-
7z
FIG. 4. The z-dependence in the interval 1 < z < 3 of the
coefficients in front of the functionally independent expres-
sions exhibited in Eq. (29a). The red dashed line represents
the coefficient in front of C++(l/r)
α++ , the green solid line
represents the coefficient in front of C−+(l/r)
α
−+ , the blued
dotted line represents the determinant B1(z)
2+B2(z)
2 of the
homogeneous linear system composed by the constraints con-
taining the constants C3 and C4.
morphic. There are two known solitons that have been
generated by this mechanism in new massive gravity. The
first one is the z = 1 soliton found by Oliva et al. [13]
which is given by
ds2 = l2[−(b˜+ cosh ρ)2dt˜2 + dρ2 + sinh2 ρdx˜2], (30a)
where b˜ ≡ b/
√
4µ+ b2 and
λ = m2 = − 1
2l2
. (30b)
The case b = 0 corresponds to the standard AdS3 soliton
which exists modulo the weaker constraint (6). Under
the coordinate transformation
(t˜, ρ, x˜) 7→
(
t =
2b˜
b
lt˜, r =
lb
2b˜
(b˜+ cosh ρ), x =
2b˜
b
lx˜
)
,
this metric can be rewritten in a way where the z = 1
asymptotic scaling symmetry is manifest
ds2 = −r
2
l2
dt2 +
l2
r2
(
1− µ l
2
r2
− b l
r
)−1
dr2
+
r2
l2
(
1− µ l
2
r2
− b l
r
)
dx2. (31)
The other soliton of NMG is the z = 1/3 Lifshitz soli-
ton found by Gonza´lez et al. in [14] and described by the
metric
ds2 = l˜2(− cosh2 ρdt˜2 + dρ2 + cosh4 ρ sinh2 ρdx˜2), (32a)
for the coupling constants
λ
13
= m2 = − 1
18l2
, (32b)
where l = l˜/3. The use of the coordinates
(t˜, ρ, x˜) 7→
(
t =
3lt˜√
M
, r =M3/2l cosh3 ρ, x =
3lx˜
M3/2
)
,
reveals the exponent z = 1/3,
ds2 = −r
2/3
l2/3
dt2 +
l2
r2
(
1−M l
2/3
r2/3
)−1
dr2
+
r2
l2
(
1−M l
2/3
r2/3
)
dx2. (33)
A simple analysis shows that both solitons of new mas-
sive gravity cannot be written in the standard Kerr-
Schild form for a real Lorentzian manifold.2 However,
both can be written as part of the following metric ansatz
characterized by a single function like the Kerr-Schild one
ds2 = −r
2z
l2z
dt2 +
l2
r2
dr2
1−K(r) +
r2
l2
[1−K(r)]dx2. (34)
Inspired by the analogy with our previous results on black
holes this single function ansatz will be our starting point
to study soliton configurations. This time the Lifshitz
boundary condition is K(∞) = 0. As in the black hole
case, in spite of the fact that the nontrivial equations
E tt = 0, E
r
r = 0 and E
x
x = 0 are linearly independent,
only two of them are actually differentially independent.
More precisely, the combination E rr − E xx = 0 will act
now as the linear constraint while the equation E xx = 0
will yield to the nonlinear one. Indeed, we have
2 Although complex generalizations of the Kerr-Schild ansatz are known [23], we do not consider this possibility here.
84m2l4
1−K (E
r
r − E xx ) = r4K ′′′′ + 2r3 (4 + z)K ′′′ − r2 (5z + 3) (z − 4)K ′′ − 2zr (2 + z) (3z − 5)K ′
+ 2z (z − 1) [(z2 − 3z + 1)K − (z2 − 3z + 1 + 2l2m2)] = 0, (35a)
−16l4m2E xx = 4(1−K)r4K ′′′′ − 2[rK ′ − 2(z + 9)(1−K)]r3K ′′′ + (r2K ′′)2
− 2[r(z + 2)K ′ + 2(4z2 − 11z − 17)(1−K)]r2K ′′ + 4(2z2 − 4z + 1)(rK ′)2
− 4[(3z3 + 7z2 − 21z − 2)(1−K)− 2zl2m2]rK ′
− 4(z2 − 3z + 1)(z2 − z − 1)(1−K)2 − 16m2l2[z2(1−K) + l2λ] = 0, (35b)
where (35a) corresponds again to a fourth-order Euler
differential equation and (35b) plays the role of the non-
linear constraint. Since pure Lifshitz spacetimes must be
solution of the field equations at least asymptotically, the
constraints (5a) and (5b) still hold, and thus the equa-
tion (35a) becomes an homogeneous equation. The cor-
responding characteristic polynomial this time is
α4 − 2 (z + 1)α3 − (5z2 − 11z + 1)α2
+(1 + z)
(
6z2 − 9z + 2)α
+2z (z − 1) (z2 − 3z + 1) = 0, (36)
and exhibits multiplicity for z = 1 and z = 1/3 as shown
in Fig. 5.
We would like to stress that performing the changes
zs = 1/zbh and αs = αbh/zbh on the characteristic poly-
FIG. 5. Real solutions to the characteristic polynomial equa-
tion associated to the soliton’s Euler equation. It is to be
noted that while most values of z correspond to 4 values of
α, multiplicity arises in z = 1/3 and z = 1 as roots α = 2/3
and α = 1 respectively are degenerate. Also, in the inter-
val 1/3 < z < 1, two of the roots are actually complex (for
which they do not appear in the graph) and only the two real
solutions appear in the figure.
nomial associated to the solitonic case (36), it reproduces
the characteristic polynomial obtained for the black hole
(15). This suggests that there may exist a map between
the solitonic linear and nonlinear constraints and those
associated to the black hole solutions. In fact, performing
the following redefinitions3
zbh =
1
zs
, lbh =
ls
zs
,
rbh
lbh
=
(
rs
ls
)zs
, H(rbh) = K(rs), (37)
we can relate these two pairs of constraints (the
subindexes “s” and “bh” standing for solitonic and black
hole, respectively). As a result, it is possible to find
the corresponding Lifshitz solitons via this map. More-
over, since the only Lifshitz black holes found within
the Kerr-Schild ansatz are those with dynamical expo-
nents z = 1 and z = 3, we can state as a consequence
that the only soliton solutions within our working single-
function ansatz are those previously known with z = 1
and z = 1/3. Just to be complete, we mention that a
similar exhaustive analysis to the one done in the black
hole case will yield to the same conclusion.
A. The z = 1 and z = 1/3 solitons
As it can be seen from (37), the value z = 1 corre-
sponds to a fixed point of the map, and hence the metric
function does not change. More precisely, we obtain
K(r) = µ
l2
r2
+ b
l
r
, λ = m2 = − 1
2l2
, (38)
while for b = 0 we recover the AdS soliton which requires
the weaker constraint (6). These z = 1 solitons corre-
spond to those rewritten in (31) and found in [13].
Using the map (37) the black hole found for zbh = 3
will correspond to a soliton with zs = 1/3. The soliton
3 We thank R. Troncoso for encouraging us to explore the relations
between the black holes and the solitons in order to prove a
similar uniqueness result also in the last case.
9solution would then be
K(r) =M
l2/3
r2/3
,
λ
13
= m2 = − 1
18l2
. (39)
This corresponds to the z = 1/3 Lifshitz soliton solution
of NMG as described in (33) and found in [14].
IV. FURTHER WORKS AND CONCLUSIONS
We have established that the only static, axisymmetric
Lifshitz black holes that can be obtained from the pure
Lifshitz spacetimes through a Kerr-Schild transformation
are those previously found in the literature with dynam-
ical exponents z = 1 and z = 3. Usually, the Kerr-Schild
transformation is an interesting tool for standard general
relativity since it yields to a linear differential equation.
In our case, we have shown that in spite of considering
NMG which is of higher-order, the Kerr-Schild transfor-
mation on NMG yields to an Euler differential equation
in addition to a nonlinear constraint. The strategy we
follow was simple and it consists on first characterizing
the linear space of solutions of the Euler equation for each
dynamical exponent and then exploring the compatibility
of this linear space with the nonlinear constraint.
Furthermore, we have been able to map these black
hole constraints to their corresponding solitonic ones and
proved in this way that the soliton counterparts with dy-
namical exponents z = 1 and z = 1/3 are the only Lif-
shitz solitons that can exist in NMG within certain ansatz
depending on a single function. We have put in light a re-
lation between the existence of black hole solutions with
the multiplicity of the roots of the characteristic poly-
nomial associated to the Euler equation. This feature
appears as well in the case of solitons where multiplicity
arises for z = 1/3 and z = 1. This partially answers what
is special about this exponents in NMG. An interesting
work will then consist in giving a more deep physical
and/or mathematical explanation for this curiosity. In
Ref. [10], the authors have found the analogous solutions
of those of new massive gravity for general quadratic cor-
rections of the Einstein gravity in arbitrary dimension.
We believe that the arguments established here can be
generalized to the case of these higher-dimensional Lif-
shitz black hole solutions. There also exist examples for
which the Kerr-Schild transformation allows to obtain
interesting solutions in presence of matter sources as for
example in the context of eleven-dimensional supergrav-
ity with the 3−form [18]. Hence, it will be interesting
to explore whether the mechanism presented here can
also be useful to obtain Lifshitz black hole solutions in
presence of matter source as for example those derived
recently in the context of nonlinear electrodynamics [24]
or in presence of scalar fields [25, 26].
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